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The Dirac equation is invariant under rotations with a constant frequency and invariable cylindrical 
radius. 3D transformation for rotating frames is found with help of this invariance. Exact local¬ 
ized solutions of the Dirac equation in the field of a traveling circularly polarized electromagnetic 
wave and constant magnetic field exist and possess unusual properties. Temporal changes of spin 
pertaining to the solutions are studied. 

PACS numbers: 03.65.Pm, 03.65.Ta, 31.30.jx, 06.20. Jr 


INTRODUCTION 

Usually the transformation to the rotating coordinate 
system is postulated without a strong basis like the rela¬ 
tivity principle for the Lorentz transformation. As a rule 
it is non-Galilean transformation. It means that time is 
the same in both frames. A characteristic example is in 
0- 

In the paper the 3D transformation is deduced using 
an invariance of Dirac’s equation under rotation with a 
constant frequency. 

We describe properties of exact localized solutions of 
Dirac equation in electromagnetic field. We consider 
temporary evolution of spin by using spatial averaging. 
It is well known, the flip-flop of spin is of consider¬ 
able interest for the problem of magnetic resonance in 
quantum theory Q. For the exact solutions of the 
Dirac equation the temporal behavior of the average 
spin radically differs from that in the non-relativistic 
case. 


3D TRANSFORMATION TO ROTATING 
FRAMES 


General form 


Assume that the general form of 3D transformation for 
cylindrical coordinates is 



= aiip-\-ai2Z-\-aist, 

(1) 

z 

= a2ip-\-a22Z-\-a23t, 

(2) 

i 

= asiv? + 032-2 + 033^7 

(3) 


The matrix a^k is a function of the cylindrical radius r 
and the frequency of rotation D. The cylindrical radius 
is considered as an invariable parameter: r = r. The tilde 
corresponds to the rotating frame. 

We use the dimensionless units 


ct 

I’ 


ix,y,z) 


{x,y,z) 


A = 


(4) 


A is the Gompton wavelength. 

The transformation must obey the sacral condition of 
the speed of light constancy. That is: li V = z/t = 1, 
then V = z/t = 1 for any uj = ip/t. This gives two 
connections between coefficients a„fc 

021=031, 022 + 023 = 032 + 033- (5) 

Below we determine all the coefficients with help of 
invariance of Dirac’s equation and using conditions 
Together with the 3D transformation we define the trans¬ 
formation of spinor to the rotation frame. 


The Dirac equation 

For construction of the 3D transformation we use the 
invariance of Dirac’s equation in cylindrical coordinates 
under rotation with a constant frequency by invariable 
cylindrical radius r. It means invariance of Dirac’s equa¬ 
tion without the derivative with respect to r. 

Spinor changes as if —?> exp(4aiQ;2+)'I' by translation 
from the Gartesian [x, y) to cylindrical (x = r cos ip, y = 
r cos ip) coordinates. 

An argument in favor such an ’’invariance by constant 
cylindrical radius” can be found in general relativity. 
Consider Murder’s space 0, that is the solution of Ein¬ 
stein’s equation with the cylindrical symmetry with in¬ 
terval 

ds^ = Ar'^+^’dr^ + r^dp^ + r^dz^ + Cr’^dt^, ( 7 ) 

where A, C, a, b are constants. After equating a = b = 2 
and a normalization of r and t the metric can be reduced 
to the form 

= (1 + Yr)[dr^ + Pdp'^ + dz^ — c^dt'^], ( 8 ) 

Jj 

where I and L are constants with the dimension of length. 
Obviously, the interval ([8]) is invariant under any orthogo¬ 
nal transformation of coordinates Ip, z, ict and invariable 
r. 
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Invariance 


With help of conditions ([5]) define the angle 


It is well known that 3D transformation for the Carte¬ 
sian coordinates can be composed by rotations around 
two or third axes. An similar composition can be used 
for coordinates np, z, t. Consider rotation of the frame 
around the z-axis with the frequency D. The frequency 
in the normalized units D —^ DA/c. The Galilean trans¬ 
formation for this rotation is 


ip' = (p — Vlt, t' =t (9) 


From the viewpoint of contemporary physics time in the 
resting and rotating frame should be different. Eq. is 
not invariant by such a change of coordinates p,t. The 
desirable change is a somewhat modified Lorentz trans¬ 
formations 


, p — Qt , —r'^flp + t 
“ Vl “ Vl-r2D2’ 


( 10 ) 


Eq. © is invariant under this transformation. This may 
be shown by multiplying Eq. © by the operator 


P<s, = exp(-a2^') 


( 11 ) 


sin$i = —rfl, cos<I>i 


v'l-r2D2. 


Emphasize, for this definition, only one condition from 
© is sufficient, the second is fulfilled automatically. 

Using Eqs. (Uni), (HSl) we express rip, z, t as functions 
of rp, z, t. The transformation of coordinates takes the 
form 


z 

i 


p -\- zU, — fit 


—r^flp 

Vl-r2D2 

—r^ftp 
VI - r2D2 


-I- z \/1 — r2D2 -I- 


t 

^ VI - r2D2 


Vl-r2D2’ 


(19) 

( 20 ) 

( 21 ) 


The determinant of this transformation \akn \ = 1- 

It can be straightforwardly shown that two invariants 
exist 


+ 52 _ p ^ ^2^2 + V - V (22) 

1 92 Q2 q2 ^ q2 q2 q2 


and the change of spinor dt' = P$'I', where = pP<s>f3 = 

aiP,j>ai = exp(—iQ;2‘l’)) 


cosh$ = 


Vl-r2D2 


, sinh $ = 


rfl 


Vl-r2D2' 


( 12 ) 


Note, such an invariance exists by including in the 3D 
transformation the third rotation at angle <I> 2 - 

In view of the term Vl — r'^^l'^ an upper boundary ex¬ 
ists for the radius < 1. In the non-normalized units 
this inequality is equivalent to 


The second rotation is in the plane {rp,z). Eq. © is 
invariant under the transformation 

rp = r(/?Vos$i — zsin$i, (13) 

z' = (/?Vsin$i-f 2 ;cos$i, (14) 

where $1 is a vague angle depending on r and fl. The 
wave function changes as 4'" = P<i,i4'',where 

P<i.i = exp(ia2a3$i) = ,5exp(ia2a3^’i)/3 (15) 

The dependence $i(r, D) is defined from the conditions 

®. 

The third rotation could be the Lorentz transformation 
for coordinates x'and t' 

z = z'cosh $2 — sinh $ 2 , (16) 

i = — z'sinh $ 2 -I-cosh $ 2 , (17) 

where the angle $2 is defined by relations 

1 / N 

cosh $2 = , sinh $2 = , (18) 

VI — "C VI — ^2 


2'Kr 
"cT - 


1 , 


(24) 


where T is the period corresponding to the frequency fl. 
This obviously means that the speed of points on a circle 
of radius r cannot be greater than the speed of light. 

It is noteworthy that in the rotation m can not arise 
a new constant, because then in the inequality (1^^ the 
limit speed would differ from the speed of light. 

Time interval in the rotating and resting frame should 
be measured at the same angle and longitudinal coordi¬ 
nate z in corresponding frame. The dependence of time 
intervals At and At is 


At = 
At = 


Vl — J^^Vl — r2D2 

At- _-_ 

1 - j.r2D2 

Ai ^ ' 

Vl - J^Vl - r2D2 ’ 


and 


(25) 

(26) 


for Ap = Az = 0 and Ap = Az = 0 respectively. For 
the fullness the intervals include rectilinear move with 
velocity v, that is, the rotation (ITCl) . 

The operator of the tree dimensional rotations is the 
product 


V is the arbitrary normalized velocity v ^ vjc. However, 
for simplicity, we suppose that ?; = 0, $2 = 0. 


P = P^iP^. 


(27) 
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Define operator P 

P = PPf3 = exp{-a2a3^i - -a2^)- (28) 

Multiplication by P transforms spinor to the rotating 
frame P'l' = 


Frequency and velocity in the rotating frame 

In accordance with the found transformation, consider 
the change of frequency and velocity by transition to the 
rotating frame 

- - <»> 

—PQuj + v{i — Pn^) + Pn^ 

^ i- (30) 

At PfP —>■ 1 the frequency Cj tends to zero and the 
velocity v along the z-axis tends to speed of light. At 
—>■ 0, w —>■ w + uD — D, h —>■ w 

THE DIRAC EQUATION IN 
ELECTROMAGNETIC FIELD 

In this section we study temporal evolution of aver¬ 
age spin in rotating magnetic or electromagnetic fields. 
This section consist of two part. In the first part, for 
comparison, we present non-relativistic case based on the 
Pauli equation in rotating magnetic field. The second is 
devoted to the Dirac equation in the field of circularly 
polarized electromagnet wave. 

Averaging. Nonrelativistic case 

Consider the Pauli equation in the normalized units 

0 


The charge, for definiteness, is assumed to be negative 
e= -|e|. 

In some cases when the equation for the operator of 
spin can be separated from the Pauli equation, the tem¬ 
poral dependence of the spin can be obtained [^. How¬ 
ever the averaging is more general approach. 

In experiment, usually, a linearly oscillating magnetic 
field is used. Such a field is a combination of two cir¬ 
cularly polarized fields with opposite rotation. Fermion 
itself chooses the convenient polarization. The second 
polarization gains a weak dependence of spin on time, 
which can be neglected. 

The modulation by a circularly polarized magnetic 
field assumes matching the polarization of the magnetic 
field and oscillation spin. 

For averaging it is important to assume that solutions 
are continuous and square integrable over all the cross- 
section. 

First of all translate spinor to a rotating frame. In this 
frame the energy connected with the magnetic moment 
(/(crH)/2 does not depend on time. As it is known ro¬ 
tation the coordinate system by an angle (p corresponds 
to rotation of spinor by the angle ip/2. Rotation the co¬ 
ordinate system by a frequency Q, or by angle fit cor¬ 
responds rotation of spinor by the frequency n/2. The 
transformation is realized by multiplication Eq. dSI]) by 
exp(icr 3 f 2 f/ 2 ) and the change of spinor 

= exp(^cr3r2t)dt. (35) 

For the Pauli equation, as a non-relativistic equation, 
the Galilean transformation coordinates may be used t = 
t, z = z, ip = (p—ftt, X = r cosip, y = rsin^. However the 
same results can be obtained as with as well as without 
the coordinate transformation. 

Multiply the equation by ^*ak, integrate over all cross- 
section and subtract the complex conjugated. We obtain 
the system of equations for components of the average 
spin 


*^'I' = ^(p-A)^vi._|(^H)vI-, (31) 

in magnetic field consisting of a constant and circularly 
polarized part, g is the g-factor. The field is described 
by the potential A 

A, = -H,y/2, Ay = H,x/2, (32) 

Az = i/[—xsinDt-I-ycosDt], (33) 

H^: is the constant component of the magnetic field along 
the z-axis, H is the amplitude of the circularly polarized 
component. In the normalized units the potential and 
magnetic held are 

A eA^ eA^„ „ 

A ^-t-A, — H ^ H, (34) 


{n + gH,)S 2 , (36) 

gHss - {hil + gH^)si, (37) 

- 9 HS 2 , (38) 

where Sk = j ii’*ak'i’ds is the average spin component 
with the wave function in the rotating frame, the inte¬ 
gration is over all the cross-section. From this system 
one follows that the sum -I- -f s| do not depend on 
time and, without loss generality, it can be normalized 
to 1. 

A solution of this system easily can be found. The re¬ 
quired input and output conditions are: spin oscillations 
should have a maximum amplitude; the input and output 


dt 
d , 


Si = 
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values of the amplitude should be maximum with differ 
sign. Using that we obtain 

Si =0, S 2 = sinwt, S 3 = coswt, cu = gH^ (39) 

provided that the condition of the magnetic resonance 

n + gH^=0 (40) 


holds 

With help of the connection between the wave function 
in the rotating and lab frame psp the spin components 
with the wave function in the lab frame Sk = J 4'*crfe4'ds 
also can be found 

Si = — sin wt sin fit, S 2 = sin cut cos fit, S 3 = coswt. 

This result is obtained without the concretization of 
solutions. 

In 0 on basis of exact solutions of the Pauli equation 
in the magnetic field (15^ . (155)) . it was shown that the 
principle of Pauli should be modified as follows: in such 
a field, pairs of non-stationary states exist with the same 
wave function but with energy different by ±^gH. The 
sum and difference of the wave functions corresponds to 
two states with spins, oscillating as sine and cosine at the 
frequency w = gH. 


Relativistic case 

In this section unusual properties of exact solutions of 
the Dirac equation are described. 

Consider Dirac’s equation 



id2X + d2y, 


(45) 


d 


d2 


EqH 1 

2{£-£o)'^' 


(46) 


In the normalized units c?2 —!> ^2^, d —>■ dX^ E —>■ E/mc^, 
p —>■ p/mc. 

The solution in the rotating frame may be found by 
means of the Galilean transformation 


p = p — £tt + flz, i =t, z = z, (47) 

X = rcostp, y = rship, (48) 

^ = exp[—Q;ia 2 (fdt ~ flz)]4'. (49) 

In this section we use the term ” rotating frame” bearing 
in mind ’’rotating frame by the Galilean transformation”. 
Using the non-Galilean transformation in the given case 
complicates the issue but not leads to new results. 

The spinor ip depend of i,y. A constant spinor de¬ 
scribe the ground state, a spinor polynomial corresponds 
to excited states. 

In the lab frame only non-stationary states are possi¬ 
ble. In contrast to that in the rotating frame stationary 
states exist. 

E obeys the characteristic equation 

£h} 

£{£p2p-VL)-l-—— = Q, (50) 

C — CQ 

So = ^, £ = E-p, h= (51) 


in the electromagnetic field with the potential 
Ax = -^H;,y + ^Hcos(flt - flz), 
Ay = -El^x +-^H s\n{£lt — Vtz). 


(41) 


(42) 

(43) 


This potential describes a traveling circularly polarized 
electromagnetic wave propagating along constant mag¬ 
netic field. The normalized coordinates (U)) as well as the 
normalized potential are used in the equation (1411) . In the 
normalized dimensionless units the propagation constant 
equals D. 

The Dirac’s equation (|4T]) has exact solutions localized 
in the cross section perpendicular to the propagation di¬ 
rection of the wave j^. The solutions in the lab frame 
can be presented as follows 

4' = exp[—iUt -I- ipz — -aia 2 {£it — £lz) + D]tj;. (44) 


Eq. (15(11) is algebraic equation of the third order. This is 
one unusual property of the solutions of the Dirac equa¬ 
tion. 

The spinor ip corresponding to the ground state has 
shape 


/ h£ \ 

-{£ + l)i£-£o) 
h£ 

\-(£-l){£-£,) J 


(52) 


N is the normalization constant, defining from the nor¬ 
malization integral f '^*^ds = 1 . 

N'^[h'^£'^ + (f2 -H 1){£ - £ 0 )^]^ exp{^) = 1 (53) 

d d 

We restrict ourselves the consideration of the ground 
state. 

Spinor ()5^ as well as spinors of excited states never 
can be presented in the form a small and large two- 
component spinors. The second unusual property is the 
spinors always corresponds only to a relativistic case. 
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The parameter Sq in the non-normalized units is de¬ 
fined as 


£o 


hn 


(54) 


where /r = eh/(2mc) is the Bohr magneton. Equating 
2/So to g-factor turns the definition (l54l) in the classical 
condition of the magnetic resonance dini). 

Evaluate the normalized parameter h. Typically, the 
amplitude of the magnetic field H is much smaller than 
the constant magnetic field \Hz\ 

h = -^Hz = So (55) 

il il g 

If g ^ 2 then h 1. After Eq. (15(11) : The typical fre¬ 
quency of the magnetic resonance ^ lOOGHz. The ratio 
of A to the Compton wavelength is of the order of 10®. 
Therefore h is extremely small. 

Typically S is expanded in power series in h'^. However, 
for pairs of singular solutions S is expanded in power 
series in h 

Si,2= So + hSi,2 +h^S2 +■ ■ ■, ^1,2 = ± ° , (56) 

V^o+1 

In this expansion odd terms have positive and negative 
signs for one and other solution in the pair. Eor such 
pairs in the first approximation 


d2 


J_ \/'^0 + 1 

2 


(57) 


The necessary condition for existence of the expansion 
is the equality of the momentum for both the states in 
the pair. 

p = ^ - fo -f iff. (58) 

With this momentum the energy also coincide but with 
accuracy ~ h 

The pairs could be correspond to the above Pauli pairs. 
However, the sum and difference of the wave functions 
produce states with the spin oscillations with a vanish¬ 
ingly small amplitude. This amplitude is proportional 
the factor exp(— 2 ^ 2 /^)- In the non-normalized units 


2dl S^ + l\ 

~d~ ~ So A’ 


(60) 


where A is the wavelength corresponding to the frequency 
n, The typical frequency of the magnetic resonance ^ 
lOOGHz, the ratio the wavelength corresponding to this 
frequency and Compton wavelength is of the order of 10®. 
Therefore the factor is extremely small 

The average value of spin components in the general 
case are = — | / 4t*cr„'I'ds, where 


(Ti = — 1020 : 3 ,Cr 2 = “* 0301,(73 = —* 0102 . (61) 


The components have the form 


Si 


S2 


S 3 


1 2hS^{S-So) 

^2[h'^S'^ + {S'^ + l){S-SoY] 
1 2hS^{S-So) 

^2[h^S^ + {S^ + l){S-So)^] 

1 h‘^S^-{S‘^ + l){S-So)‘^ 

2 [h^S^ + (f® + 1){S - So)^] ■ 


cos(f2f — Hz), 
sin(Ht — Hz), 


Eor the singular solutions S ~ So = 2/g spin S 3 = 0 
and 


51 =- cos(Ht —Hz), (62) 

v'4 + «?^ 

5 2 =- sin (Hi —Hz) (63) 

The temporal behavior of spin is similar to the magnetic 
field. This is the third radical dissimilarity of the solu¬ 
tions. 


Conclusion 

We have deduced 3D transformation for rotating 
frames on the basis of the general assumption regarding 
its form and the requirement on invariance of Dirac’s 
equation under rotation with a constant frequency. The 
problem arises by modulation of a rotating magnetic or 
electromagnetic field. 

We have investigated the unusual properties of exact 
solutions of Dirac’s equation in the field of traveling cir¬ 
cularly polarized electromagnetic wave and a constant 
magnetic field. The temporal dependence of the average 
spin is similar to that of the modulating magnetic field 
and can be tested by means of polarization measurements 
of the spin. It would be interesting to see how g-factor 
in these measurements matches known data. 
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